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Abstract. We prove that, on a smooth projective variety over an algebraically closed 
field of characteristic 0, the semiregularity map annihilates every obstruction to em- 
bedded deformations of a local complete intersection subvariety with extendable nor- 
mal bundle. The proof is based on the theory of Loo-algebras and Tamarkin-Tsigan 
calculus on the dc Rham complex of DG-schcmes. 

Introduction 

Let X be a smooth algebraic variety, over an algebraically closed field K of characteristic 
0, and let Z C X be a locally complete intersection closed subvariety of codimension p. 
Following [B172], the semiregularity map tt: H'^{Z,Nz\x) ^ HP+^{X,Vf-^'^), where Nz\x 
is the normal bundle of Z in X, can be conveniently described by using local cohomology. 
In fact, since Z is a locally complete intersection, it is well defined the canonical cycle 
class {Z}' G r(X, 'H|.(r2^)) [B172, p. 59] and the contraction with it gives a morphism of 
sheaves 

Passing to cohomology, we get a map 

where the last equality follows from the spectral sequence of local cohomology. Then, 
the semiregularity map is obtained by taking the composition with the natural map 

17^-1)^ iff 17^-1). 

In [B172], using Hodge theory and de Rham cohomology, S. Bloch proved that if X 
is projective, then the semiregularity map annihilates certain obstructions to embedded 
deformations of Z in X. These obstructions contain in particular the curvilinear ones and, 
therefore, if the semiregularity map is injective, then the Hilbert scheme of subschemes of 
X is smooth at Z. 

Unfortunately, Bloch's argument is not sufficient to ensure that the semiregularity map 
annihilates every obstruction to deformations. We have two main reasons to extend Bloch 
theorem to every obstruction: the first is for testing the power of derived deformation 
theory in a problem where classical deformation theory has failed for almost 40 years. This 
new approach already worked when Z is a smooth submanifold, see [MaO?, laOT, lall] and 
Remark 11.2, and the solution of this particular case has given a deep insight about the 
most appropriate formulation and more useful tools of derived deformation theory. The 
second reason is related with the theory of reduced Gromov-Witten invariants. Indeed, 
to define the GW invariants, one needs the virtual fundamental class, defined through 
an obstruction theory. Whenever the obstruction theory is not carefully chosen, then the 
virtual fundamental class is zero and the standard GW theory is trivial. A way to overcome 
this problem, and perform a non trivial Gromov Witten theory is by using a reduced 
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obstruction theory, obtained by considering the kernel of a suitable map annihilating 
obstructions [MPTIO, KTll]. 

The philosophy of derived deformation theory may be summarized in the following way 
(see e.g. [Ma02]): over a field of characteristic 0, every deformation problem is the classical 
truncation of an extended deformation problem, which is controlled by a differential graded 
Lie algebra via Maurer-Cartan equation and gauge equivalence. This differential graded 
Lie algebra is defined up to quasi-isomorphism and its first cohomology group is equal to 
the Zariski tangent space of the local moduli space. A morphism of deformation theories 
is essentially a morphism in the derived category of differential graded Lie algebras (with 
quasi-isomorphisms as weak equivalences); the induced morphism in cohomology gives, in 
degrees 1 and 2, the tangent and obstruction map, respectively. 

Clearly, a morphism from a deformation theory into an unobstructed deformation the- 
ory provides an obstruction map annihilating every obstruction. Using this basic principle, 
we are able to prove that the semiregularity map annihilates every obstruction under the 
following additional assumption: 

Set-up: Z is closed of codimension p in X and there exists a Zariski open subset U <Z X 
and a vector bundle E ^ U of rank p such that Z C U and Z is the zero locus of a section 
feT{U,E). 

This is obviously satisfied for complete intersections of hypersurfaces, while for Z of 
codimension 2 we refer to [OSS80] for a discussion about the validity of the above set-up. 

Our main results, proved entirely with deformation theory techniques, arc summarized 
in the next theorem, where H* denotes hypcrcohomology groups. 

Main Theorem. Let X be a smooth algebraic variety, over an algebraically closed field of 
characteristic 0, and Z C X a closed subvariety of codimension p as in the above set-up. 
Then, the composition of the semiregularity map and the truncation 

H\z, Nz\x)^HP+\x, np^^)^m^p{x, nSi^ ■ ■ ■ -^n^x^) 

annihilates every obstruction to infinitesimal embedded deformations of Z in X . 

Clearly, if the truncation map i/^+i (X, 0^"^)^H2p(X, f^^^^ is injec- 

tive then the semiregularity map annihilates every obstruction too. A sufficient condition 
for the injectivity of t is the degeneration at level Ei of the Hodge-de Rham spectral se- 
quence; in particular, this is true whenever X is smooth proper over a field of characteristic 
[GH78, D187]. 

Corollary. In the same assumption of the main theorem, if the Hodge-de Rham spectral 
sequence of X degenerates at level Ei, then the semiregularity map 

H\Z,Nz^x)^HP+\X,n''-') 

annihilates every obstruction to infinitesimal embedded deformations of Z in X . 

The set-up assumption is purely technical and there is no reason for the failure of the 
theorem for general local complete intersection subvarieties. 

The two underlying ideas used in the proof of the above theorem are: 

(1) to give a purely algebraic proof for smooth submanifolds using the ideas of [IMIO] 
and to extend it to the case of DG-schemes, considered in the sense of I. Ciocan- 
Fontanine and M. Kapranov [KaOl, CKOl]; 

(2) to replace the embedding Z C X with a quasi-isomorphic embedding of smooth 
DG-schemes. 

For the second idea it is necessary to assume the existence of the bundle E and without 
this assumption the approach of DG-schemes seems insufficient. A possible and natural 
way to overcome this difficulty is to investigate more deeply the problem in the framework 
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of derived algebraic geometry. After the appearence of the first version of this paper an 
interesting contribution in this direction has been performed by Pridham [Prl2]. 

The main theorem, as well as its proof, suggests that, from the point of view of defor- 
mation theory, the semiregularity map tt is not the correct object to study and should be 
replaced by its composition with r; this partially explains the past difficulties to relate 
deformations and semiregularity and to describe it as a component of the differential of a 
morphism of deformation theories. The vector spaces lpP~^{X, fl^ — > ■ ■ ■ — yfl^^) and 

may be interpreted as the tangent and obstruction spaces of 
the p-th intermediate Jacobian of X , respectively, and ttt as a component of the differential 
of the (extended) infinitesimal Abel-Jacobi map [BF03, Prl2, FiMa]. 

The assumption for the base field K to be of characteristic is essential, both for the 
method of the proofs and the validity of the main results. For simplicity and for giving 
precise references (especially to [Ar76, B172, Se06]) we also assume that K is algebraically 
closed, although this assumption is not strictly necessary. 

We wish to thank the referee for useful comments and for suggestions improving the 
presentation of the paper. 

0.1. Content of the paper. The first 3 sections contain a list of algebraic preliminar- 
ies: we recall the notion and the main properties of semifree modules, homotopy fibers of 
morphisms of differential graded Lie algebras and the semicosimplicial Thom- Whitney- 
Sullivan construction. In Section 4, we reinterpret some results of Hinich, Fiorcnza, lacono 
and Martinengo [Hin97, FIM09] in terms of descent theory of reduced Deligne groupoids. 
In Section 5, we describe two differential graded Lie algebras controlling the embedded 
deformations of Z as in the above set-up: they can be seen as spaces of derived sec- 
tions of some sheaves of derivation of a DG-scheme. In Sections 6 and 7, we shall prove 
that Loo morphisms, Tamarkin-Tsigan calculus and Cartan homotopics commutes with 
Thom- Whitney-Sullivan construction, as well as the Loo morphism associated with a Car- 
tan homotopy. In Section 8, we prove that Tamarkin-Tsigan calculus holds also for the 
algebraic dc Rham complex of a DG-scheme, while, in Section 9, we prove some base 
change results about local cohomology of quasi-coherent DG-sheaves over DG-schemes. 
Finally, Sections 10 and 11 are devoted to the proof of the main theorem, using all the 
result of the previous sections. 

0.2. Notation. Throughout the paper, we work over an algebraically closed field K of 
characteristic zero. All vector spaces, linear maps, tensor products etc. are intended over 
K . while every graded object is considered graded over Z. 

A DG-vector space V is the data of a Z-graded vector space, V = 0„gz together 
with a differential S: V ^ V of degree -1-1. For every homogeneous element v £V^,we de- 
note hyv = i its degree. As usual, we use the standard notation for cocycles, coboundaries 
and cohomology groups: Z{V) = keri5, 5(F) ~ Iir6 and H{V) = Z{V)/B{V), respec- 
tively. For any integer n and any DG-vector space {V,6), we define the shifted DG-vector 
space {V[n],5v[u]), where V[nY = and Sv[n] = (-1)"'5. 

Given two DG vector spaces V and W, we denote by Hom^ (T^, W) the space of K- 
hnear map f :V ^W, such that f{V') C for every i € Z. Then HomK (V, W) = 

©„gz HomJ^ (F, ly) has a natural structure of DG-vector space with differential 6{f) = 

o f - {-'^y f °5v- 

For a given graded vector space V, we will use both symbols Sym"(F) and ©" V for 
denoting its graded symmetric n-th power. The direct sum of all symmetric powers carries 
a natural structure of graded algebra and also a natural structure of graded coalgebra. 
For the clarity of exposition, we will adopt the following convention: 
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(1) Sym*(y) = 0„>Q Syni"(F) is the graded symmetric algebra generated by V; 

(2) O* V = 0„>o O" V is the graded symmetric coalgcbra generated by V; 

(3) Q V = 0„>i O" V is the reduced graded symmetric coalgebra generated by V. 

In this paper, we use several kind of cohomology groups/sheaves. Unless otherwise 
specified, we shall denote by: 

• H^{X,F) the n-th cohomology group of a sheaf !F on X; 

• W^{X,T*) the n-th hypcrcohomology group of a complex of sheaves J^*; 

• T-L% (X, T) the n-th cohomology sheaf of a sheaf J^, with support m Z ^ X [Gr67] ; 

• W^{X, F*) the 71-th hypcrcohomology group with support \w Z d X of a complex 
of sheaves F*\ 

• {F* ) the n-th cohomology sheaf of a complex of sheaves F* ; 



1. Review of semifree modules over DG-rings 

By a DG-ring we mean a unitary graded commutative ring A = 0„gg endowed with 

a differential 6: A ^ A oi degree -1-1. Graded commutativity means that ab = (—1)" ^ha 
and the graded Leibniz rule is 5{ab) = {5a)h+ (— l)°a((56). Notice that 

is a complex of Z°(A)-modules; in particular, every cohomology group H^{A) is a Z'^{A)- 
module. A DG-ring which is also a DG-vector space will be called a DG-algebra. 

Given a DG-ring A, a DG-module over A is a Z-graded A-module M = 0„gz-^"' 
endowed with a differential S: M* — )■ M*+^, satisfying the conditions: 

(1) am = (-If ™ma, 

(2) S{am) = {Sa)m + {-lfa{Sm), 

for every pair of homogeneous elements a £ A and m G M. As above, the sequence 

• • • Aiir+i^ • • ■ 

is a complex of Z°(A)-modules; then, also the cohomology groups W{M) are Z^{A)- 
modules. 

A morphism of DG- modules is an A-linear map of degree commuting with differentials; 
a quasi-isomorphism is a morphism inducing an isomorphism in cohomology. 

Given two DG- modules M and N over A, their tensor product M®aN is defined as the 
quotient of M®-zN by the graded submodule generated by all the elements ma®n—m®an, 
for every m S M, n € N and a € A; notice that, the degree of n®m is n + m. Let (M, Sm) 
and {N, 6n) be two DG-modules. We define the graded Hom as the graded vector space 
Hom^(M,7V) = ©„6zHom^(M,iV), where 

Hom^(M, N) ^ {(t): M ^ N \ (t>{AP) C 7V*+", 4){ma) = cj){m)a, i eZ, m e M, a e A}. 

Note that Hom^(Af, A^) is a DG-module, with left multiplication {a(f>){m) ~ a(f){m), for 
all a e ^ and m G M, and differential 5' : Bom'%{M,N) Hom^+^M, A^), given by 
S'{(j,) = SNO(j>- o Sm [Ma04b, Chapter IV.3]. 

In order to simplify the terminology, from now on the term A-modules will mean a 
DG-module over a DG-ring A. 

A homotopy between two morphisms f,g:M^N of A-modules is a morphism h G 
Hom;^^(A/, A^), such that S]^oh + hodM = I ~ 9- nomotopic morphisms induce the same 
morphism in cohomology. 
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Definition 1.1. Let A be a DG-ring, an A-module F is called semifree ii F = (Bi^iAmi, 
TiTi G Z and there exists a filtration = /(O) C /(I) C ■ • ■ C I{n) C • ■ • such that 

/ = U„/(n), i e I{n + 1) ^ Sm^ £ ®ig/(„)^mj. 

Example 1.2. If F = (Bi^iAmi and the set of degrees {ml} is bounded from above, then 
F is semifree: in fact if t = maxjmj} it is sufficient to choose I{h) ~ {i | to7 > t — h}. 

Example 1.3. Let B = A[xi, . . . , a;„], with every Xi of degree < 0, then B is a semifree 
as A-module, for every differential. In fact B ~ ©mg/Am, where / is the set of monomials 
in the variables Xi. 

The next results are quite standard and easy to prove (see e.g. [AF91]): 

(1) Every quasi-isomorphism of semifree ^-modules is a homotopy equivalence. 

(2) If F is semifree and M N \s a quasi-isomorphism of A-modules, then also the 
induced morphism M ®a F ^ N (Sia is a quasi-isomorphism. 

(3) Every A- module admits a semifree resolution, i.e., for every A-module M there 
exists a semifree module F and a surjective quasi-isomorphism F — > M . 

Given a morphism of DG-ring A ^ B and a B-module M, we define Der^(i3, A/) = 
e„g2Der:^(i?,M), where 

Der;^(B,M) = {</>£ Hom;^(S,M) | 4>{ab) ^ 0(a)& + (-I)"°a0(5)}. 

As for IIom|j(A/, N), there exists a structure of i?- module on Der^(i?, M), with the anal- 
ogous left multiplication (a0)(&) — a4>{b), for all a,b G B, and analogous differential 
S' : Der;^(B,M) -> J:)ct"/\B,M), given by (5'(0) = o (/) - o 5^. 

Given a morphism of DG-rings A —> B, we denote by i^B/A the module of relative 
Kahler differentials of B over A and by c? : B ^ VIb /a the universal derivation, determined 
by the property that for every i?-module M the composition with d gives an isomorphism 
of B-modules 

i: Dei\{B,M)^Romg{nB/A,M), ia{db) = a{b) a e Der*^{B, M),b e B. 

The construction of Qb/a is essentially the same as in the non graded case, the differential 
on ^B/A commutes with the differential of B and d G Der^(i3, CIb/a)- 

For later use, we point out that in the situation of Example 1.3 we have ^b/a = (BBdxi, 
S{dxi) ~ d{5xi) and then ^b/a is a semifree B-module. 

2. Homotopy fiber of a morphism of differential graded Lie algebras 

A differential graded Lie algebra is the data of a differential graded vector space (L, d) 
together with a bilinear map [—,—]: L x L ^ L (called bracket) of degree such that the 
following conditions are satisfied: 

(1) (graded skewsymmetry) [a,b] = — (— 1)° ^[6, a]. 

(2) (graded Jacobi identity) [a, [6, c]] = [[a, b],c] + {-lf'^[b, [a, c]]. 

(3) (graded Leibniz rule) d[a,b] = [da,b] + {—l)°-[a,db]. 

In particular, the Leibniz rule implies that the bracket of a DGLA L induces a structure 
of graded Lie algebra on its cohomology H*{L) = Q)iH^{L). Moreover, a DGLA is abelian 
if its bracket is trivial. 

A morphism of differential graded Lie algebras % : L M is a linear map that preserves 
degrees and commutes with brackets and differentials. 

A quasi-isomorphism of DGLAs is a morphism that induces an isomorphism in coho- 
mology. Two DGLAs L and AI are said to be quasi-isomorphic, or homotopy equivalent, 
if they are equivalent under the equivalence relation generated by: L ~ Af if there exists 
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a quasi-isomorphism L — > M. A differential graded Lie algebra is homotopy abelian if 
it is quasi-isomorphic to an abelian DGLA. 

The homotopy fiber of a morphism of DGLAs x : L ^ M is the differential graded Lie 
algebra 

TW{x) -^^ {{l,m{t,dt)) e L X M[t,dt] \ to(0, 0) = 0, to(1, 0) x(0-} 
Lemma 2.1. Let x'- L ^ M be a morphism of differential graded Lie algebras such that: 

(1) X'- L ^ M is injective, 

(2) X- H*{L) H*{M) IS injective. 
Then, the homotopy fiber is homotopy abelian. 

Proof. This result has been proved in [IMIO] using Loo-algebras; here we sketch a more 
elementary proof. The same argument used in [IMIO, Proposition 3.4] shows that that 
there exists a direct sum decomposition M = x{L) © as a direct sum of differential 
graded vector space and, therefore, the mapping cone L® M[~\] of x is quasi-isomorphic 
to Consider 1] as an abelian differential graded Lie algebras and consider the 

morphism of DGLAs 

f:V[~l]^TW{x), f{v) = iO,dtv). 

Since the map 

TW{x) L® M[-l], {l,p{t)mi+q{t)dtm2)^ {I, [ q{t)dtm2), 

Jo 

is a quasi-isomorphism of complexes, it follows that / is a quasi-isomorphism of DGLAs. 

□ 

Remark 2.2. Assume that x- i — > M is an injective morphism of DGLAs, then its cokernel 
M/x{L) is a differential graded vector space and the map 

TW{x) ^ (M/x(i))[-l], {l.p{t)mo + q{t)dtmi) ^ (^^ q{t)dt^ TOi (mod x(i)), 
is a surjective quasi-isomorphism. 

Example 2.3. Let be a differential graded vector space and j ^ W a. cocycle with 
non trivial cohomology class. Then, the inclusion 

X : {/ e Hom^ {W, W) \ f{j) = 0} ^ Hom^ [W, W) 

satisfies the hypothesis of Lemma 2.1. Therefore, the DGLA TW{x) is homotopy abelian. 
In fact, the morphism of complexes IK7 W is injective in cohomology and then by 
Kiinneth formula the map Homj^ (W, W) Homj^ (K7, W) is surjective in cohomology. 



3. Semicosimplicial Thom- Whitney-Sullivan construction 

Let Ainon be the category whose objects are the finite ordinal sets [n] = {0, 1, . . . , ri}, 
n = 0,1,..., and whose morphisms are order-preserving injective maps among them. 
Every morphism in Amon, different from the identity, is a finite composition of coface 
morphisms: 

d,{p)^r ill^ ^ k = 0,...,^. 

I p + 1 it fc < p 

The relations about compositions of them are generated by 

didk = dk+idi , for every I < k. 
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According to [EZ50, We94], a semicosimplicial object in a category C is a covariant 
functor A'^ : Amon — C. Equivalently, a semicosimplicial object is a diagram in C: 



^0 Ai =^ A2 



where each Ai is in C, and, for each i > 0, there are i + 1 morphisms 

dk-.Ai^i^Ai, fc = 0, 

such that didk = dk+idi, for any / < k. 

Given a semicosimplicial differential graded vector space 



: Vo r Vi =^ V2 



the graded vector space nri>o ^[~"] has two differentials 

d = ^^( — f )"(i„, where d„ is the differential of Vn, 

n 

and 

d — ^^(— f)*9i, where di arc the coface maps. 

i 

More explicitly, if v e then the degree oi v is i + n and 

d{v) = (-l)"rf„(t') e d{v) = do{v) -di{v) + --- + i-ir+'dn+iiv) € V:+,. 

Since dd + dd = 0, we define tot{V'^) as the graded vector space nn>o ^I""]' endowed 
with the differential d + d. 

Let be a semicosimplicial differential graded vector space and (Apl)„ the dif- 
ferential graded commutative algebra of polynomial differential forms on the standard 
n-simplex {{to, . . . € K"+i I E** = 1} [FHTOl]: 

_ K[tf), ■ ■ ■ ,tn,dto, . . . ,dtn] 

For every n,m, the tensor product {Ap]^)„i is a differential graded vector space and 
then also nn(^^'i)n is a. differential graded vector space. 
Denoting by 

{t, if < z < fc 
ifz = A; , fc = 0,...,n, 
ti_i if fc < I 

the face maps, for every < fc < n. there are well-defined morphisms of differential graded 
vector spaces 

5^ ®Id: {ApL)n ®Vn^ {ApL)n-l ® K, 
Id®dk. {ApL)n^l ® Vn-l {ApL)n-l ® Vn- 

The Thorn- Whitney-Sullivan differential graded vector space of is denoted by 
TW{V^) C Y\n{ApL)n®Vn and is the graded subspace whose elements are the sequences 
(a;„)„gN satisfying the equations 

[5^ ® Id)xn = {Id ® dk)xn-i, for every < A: < n. 

In [Whi57], Whitney noted that the integration maps 



/ 0ld: {ApL)„(^Vn^K[-n](E)Vn = Vn[- 
JA" 



give a quasi-isomorphism of differential graded vector spaces 

/: {TW{V'^),dTw) ^ (tot(F'^),dtot). 
Further details can be found in [NaA87, Get04, FiMa07, CG08]. 
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Example 3.1. Let £ be a sheaf of differential graded vector spaces over an algebraic 
variety X and U = {[/,} an open cover of X\ assume that the set of indices i is totally 
ordered. Then, we can define the semicosimplicial DG vector space of Ccch alternating 
cochains of C with respect to the cover U: 



c{u) : =^ n.<, '^{u^J) ^ n.<Kfc '^^u^^^) 



i<j I > iU<j<k ■ 

Clearly, in this case, the total complex ioi{C{lA)) is the associated Cech complex C*{U, £). 
We will denote by TW{U, C) the associated Thom- Whitney complex. The integration map 
TW{U, C) C*{U, C) is a surjective quasi-isomorphism. If £ is a quasi-coherent DG-sheaf 
and every Ui is affine, then the cohomology of TW{U, C) is the same of the cohomology 
of £. 

Example 3.2. Let 



00 > 01 a 02 



be a semicosimplicial differential graded Lie algebra, i.e., each Qi is a DGLA each dk is a 
morphism of DGLAs. Then, in this case too, we can apply the Thom- Whitney construc- 
tion; it is evident TWIq"^) has a structure of a differential graded lie algebra. 

Example 3.3. Let x '■ L M he a. morphism of differential graded Lie algebras. Then, 
we can consider the semicosimplicial DGLA 

: L r M =f 1- • • • , with do ^ x and di = 0. 

It turns out [MaO?, FiMa07] that the total complex tot(x'^) coincides with the mapping 
cone of Xi i-e., 

tot(x'^)* = V®M'-^, d{l,m) = {dl,x{l)~dm), 

and the Thom- Whitney-Sullivan construction coincides with the homotopy fiber of x'- 

TW{x^) ^TW{x) ^ {{l,m{t,dt)) £ L X M[t,dt] \ m(0, 0) = 0, m(l, 0) = x(0}- 

Whenever is a semicosimplicial differential graded Lie algebra, we have just noticed 
that TWid-^) is a differential graded Lie algebra. Moreover, every Qi is a DGLA and so, 
in particular, a differential graded vector space, thus we can consider the total complex 
tot(g^). It turns out that the complex tot(0'^) has no natural DGLA structure, even in 
the easy case of Example 3.3 of a morphism of DGLAs [IMIO, Example 2.7]. 

Lemma 3.4. Let be a semicosimplicial DGLA, L a DGLA and tp: L ^ qq a morphism 
of DGLAs, such that o ip = di o (p. Then it is well defined a morphism of DGLAs 
h: L ^ TVF(g^) giving a commutative diagram 

^ riy(g^) 




tot(g^), 

where tjj: L ^ tot(g'^) is the composition of ip with the inclusion go C tot(g'^). 

Proof. A straightforward computation shows that the map h: L-> TW{q'^) defined as 

h{i) = (1 ® ^(0, 1 ® do{^{i)), 1 ® a2(^(0), . . . , 1 ® d^i^ii)), . . .), 

is a well defined morphism of differential graded Lie algebras. 

Since / contracts the polynomial differential forms in (^pl)ti by integrating over the 
standard simplex A,i, we have that, L{h{l)) = ip{l) G gg, for every I G L*. □ 
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4. Descent of formal reduced Deligne groupoid 

Denote by Set the category of sets (in a fixed universe) and by Grpd the category 
of small groupoids. We shall consider Set as a full subcategory of Grpd. Given a small 
groupoid G it is convenient, for our purposes, to think to their objects and arrows as 
vertices and edges of its nerve, respectively; therefore. Go will denote the set of objects 
and Gi{x,y) the set of morphisms from x to y. 

Finally, denote by Art the category of local Artin IK -algebras with residue field K . 
Unless otherwise specified, for every object A 6 Art, we denote by its maximal ideal. 

Let C be a category with a final object *, throughout this paper, by a formal object 
in C, we shall mean a covariant functor F: Art — > C such that F(]K) = In particular, 
a formal groupoid is a functor G: Art — !> Grpd such that G(K) — *, and a formal set is 
a functor G: Art — J> Set such that G(IK) = * (these last ones are also called functors of 
Artin rings). 

Definition 4.1. Let L be a fixed nilpotent differential graded Lie algebra. The Maurer- 
Cartan set associated with L is 

MC(L) = ja; e dx + ^[x,x] = 0^ . 

The gauge action * : cxp(i") x MCl — > MCl is defined by the explicit formula 

e'^ *x := X + -j—^ — lTT([a, x] — da). 

^ (n + 1)! ^ ' 

n>0 ^ ' 

Finally, the Deligne groupoid associated with L is the groupoid Del(L) defined as fol- 
lows: 

(1) the objects are Del(L)o = MC(i), 

(2) the morphisms are Del(L)i(a;, y) — {e° G exp(L") | e°'*x ~ y}, for x,y E Del(L)o. 
For each x G MC(i) the irrelevant stabilizer of x is defined as the subgroup: 

I{x) = {e'^''+["^''l| e L-^} C Bcl{L)i{x,x). 

Note that, since ed.h+lx,h] _ ^^le irrelevant stabilizer I{x) is contained in the stabilizer 
of X under the gauge action. Moreover, I{x) is a normal subgroup of the stabilizer of x, 
since for any a e we have (see e.g. [Kon94, Ma07, Yell]) 

(4.1) e°'I{x)e-'' = /(y), with y = e° * a;. 

The above formula implies also that, for every x,y £ MC{L), we have a natural iso- 
morphism 

Del(L)i(x,y) ^ Del(£)i(x, y) 
I{x) I{y) ' 

with I{x) and /(y) acting in the obvious way. 

Definition 4.2 ([Kon94. Yell]). The reduced Deligne groupoid associated with a nilpo- 
tent differential graded Lie algebra L is the groupoid Del(i) having the same objects as 
Del(L) and as morphisms 

Del(L)i(a;,y) _ Del(L)i(x,y) 



Del(L)i(a;,y) := 



I{x) I{y) 



Example 4.3. Let B, C be two K-algebras, {xi} a set of indeterminates of non positive 

degree and R = B[{xi}] — !• G a quasi-isomorphism of DC- algebras and denote by 5 S 
Der^j (i?,i?) the differential of R. Notice that as a graded algebra, i? is a free i3-algebra 
with generators Xi of degree < 0. Moreover, R^ = for every z > 0, H'^{R,6) = G and 
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H^{R, 6) = 0, for every i 0. Given a local Artin K -algebra A, let us describe the Deligne 
groupoid and the irrelevant stabilizers of the nilpotent DGLA L = Der^(i?, R) (g) mA- 

There is a natural bijection between Maurer-Cartan elements and differentials p' : 
A — )■ R®A^ which are B®A linear and equal to 5 modulus ttia, while the set of morphisms, 
in the Deligne groupoid, between p and p' is the set oi B ® A-linear isomorphisms (i? ® 
A, p) ^ {R® A, p'), which arc the identity modulus m^i. 

Lemma 4.4. In the notation above, the irrelevant stabilizer I{p) is the group of B ® A- 
linear automorphisms of the DG-algebra (R (E) A,p), which are the identity modulus mA 
and inducing the identity in cohomology. 

Proof. Let a £ Dct%{R, R) (gimA, then by definition e° G I{p) if and only if there exists 
b £ Der^^(i?,i?) O such that a ~ \p,b\. On the other hand, e° is an isomorphism 
of (R (8> A, p) if and only if [p, a] = 0, and induces the identity in cohomology if and 
only if a induces the trivial map in cohomology. Therefore, we only need to prove that 
\i a: R ® A ^ R ® A \s & morphism of complexes which is trivial in cohomology then 
a = pb + bp for some b e Der^"^(i?, R) ® = Der^^(i?, R ® mA)- Since, the derivations 
a, b are uniquely determined by the values a(xi), b(xi), we will solve the equations a{xi) = 
{pb + bp){xi) recursively by induction on ~ dcgixi). If Xi has degree 0, then p{xi) = 
and then a{xi) S p{R~^ Ottia) (since a is trivial in cohomology): therefore, we can choose 
b{xi) € R~^ (E) mA such that a{xi) = pb{xi). Next, assume that Xi has degree fc < and 
that b{xj) is defined for every Xj of degree bigger than fc. Then yi := a(xi) — b{pxi) is 
defined and p{yi) = pa{xi) — pb{pxi) = a{pxi) — {a~-bp){pxi) = 0. Since H^{R®A, p) = 0, 
there exists b{xi) S i?*^"^ ® mA such that pb{xi) ~ yi. □ 

We point out that the fact that the cohomology of R is concentrated in degree plays 
an essential role in the above proof: for instance, if we take R as the Koszul complex of 
x"^ ,x^ G K [a;] then the result of Lemma 4.4 fails to be true. 

For any DGLA L, the previous constructions allow us to define the corresponding formal 
objects: 

(1) the Maurer-Cartan functor MCl: Art — > Set by setting [Ma09]: 

MGl{A) = MC(L®mA); 

(2) the deformation functor Dcf^ : Art — > Set: 

gauge 

(3) the formal reduced Deligne groupoid DbIl : Art Grpd: 

DcIl(A) =DeI(L®mA). 

Every morphism of DGLAs induces a morphism of formal reduced groupoids and, 
therefore, a morphism of the associated Maurer-Cartan and deformation functors. A basic 
result asserts that if L and M are quasi-isomorphic DGLAs, then the associated functor 
DcIl and DcIm are equivalent [GM88, Kon94, Ma09, Yell]. 

Given a semicosimplicial groupoid 



GA , ^ 5^ /"Y 



its total space is the groupoid tot(G'^) defined in the following way [Hin97, FMMIO]: 
(1) The objects of tot(G^) are the pairs (/,m) with / an object in Gq and m a 
morphism in Gi between d^^l and dil. Moreover the three images of m via the 
maps di are the edges of a 2-simplcx in the nerve of G2, i.e. 

{dom){dim)'^ {d2m) = 1 in {G2)iid2dol, 82801). 
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(2) The morphisms between (lo,mo) and (Zi,mi) are morphisms a in Gq between Iq 
and h making the diagram 

dolo 5~ dilo 

dia 



da a 

doh dil 



commutative in Gi. 
Example 4.5. Let 



be a semicosimphcial groupoid. Assume that for every i the natural map Gi — t- 7ro(Gi) is 
an equivalence, i.e., every Gi is equivalent to a set. Then also tot(G^) is equivalent to a 
set and, more precisely, to the equalizer of the diagram of sets 

7i'o(Go) S 7ro(Gi). 

The next theorem is one of the main results of [Hin97, FIM09]. 

Theorem 4.6. Let be a semicosimplicial DGLA, such that H\Qi) = for every i and 
j < and let 



DelgA : Delgo 5. Delg^ ; Delgj 



the associated semicosimplicial formal reduced Deligne groupoid. Then, there exists a nat- 
ural isomorphism of functors Art — Set 

DefTw(B^) = 7ro(tot(DelgA)). 

Proof. This is Theorem 7.6 of [FIM09], expressed in terms of Deligne groupoids and 
irrelevant stabilizers. The same result is proved in [Hin97] under the assumption that 
every is concentrated in non negative degrees (and then Delignc=rcduced Deligne). □ 

5. Embedded deformations of complete intersection 

Let X be a smooth algebraic variety over an algebraically closed field K of characteristic 
zero, and Z C X a, closed subvariety of pure codimension p as in the set-up of the 
introduction: there exist a Zariski open subset U C X , a locally free sheaf £, of rank p 
over U, and a section / £ r{U, £) such that Z = {f ^ 0} C U. 

The aim of this section is to describe two convenient differential graded Lie algebras 
controlling the functor Hilb^ijf : Art Set of infinitesimal embedded deformations of Z 
in X. 

The first DGLA is simpler and it has a clear geometric interpretation. The second, 
which is quasi-isomorphic to the first one, will be used in the proof of our main result and 
it is similar to the ones considered in [Ma07, lalO] in the case Z smooth. 

5.1. Local case. Assume that U = SpccP is a smooth affine over K and £ = O^. If 
/i , . . . , /p are the components of the section /, then the ideal of .Z is J = (/i , . . . , /p) C P. 

It is well known (see e.g. [Ar76, Se06]) that the set of embedded deformations of Z 
over a local Artin ring A corresponds naturally to the set of ideals J C P ^ A generated 
by liftings of /i, . . . , /p. Notice that every lifting of /; may be written as fi + gi with 
gi e P(8)tnA. 

Let R be the Koszul complex of the sequence /i, . . . , /p, considered as a DG-algebra; in 
other words, R is the polynomial algebra P[yi, . . . ,yp], where deg(yi) = —1 and d{yi) = fi. 
In particular, i?° = P, R~^ = 0- Pyi and R^ = for every j > 0. Since Z is a complete 
intersection, the natural map R P/ J is a quasi-isomorphism of DG-algebras. 
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Lemma 5.1. In the notation above, the differential graded Lie algebra L = Der*p{R, R) 
controls the embedded deformations of Z C X . More precisely, there exists an equivalence 
of formal groupoids 

DdL ^ Hilb^ix 
and, therefore, an isomorphism of functors of Artin rings 

Defi ^ Hilb^ix . 

Proof. Let A be a local Artin ring. We have MCDcr^(_R,_R)(^) = Dcrp(i?, i?) ® = 
[P ® vcvaY 1 since every derivation 77 of i? of degree 1 is uniquely determined by the 
sequence r]{yi), . . . , r/{yp) € P (S> m^. Then Example 4.3 gives a morphism of groupoids 

DdL(A) ^Hilb2|x(A) 

which is surjcctivc on objects. 

Let r], fi G Dcrp(i?, R) (8) be two derivations giving the same deformation, i.e., 

J = ifi + vivi), ■■■Jp + viVp)) = ifi + Kvi), ■■■Jp + KVp)) 
as ideal of P A. Then, by the flatness of J, we have 

viUi) - f^iVi) e kcr( J ^ J ®^ K = J) = mAJ 
and then there exist an , . . . , a^p S P itia such that 

vivi) - i^ivi) = (-^j + i^iyj))- 

Taking c G Dcr p{R, R) mA such that e'^{yi) = yi + J2j ^ijVj have that e'^ is an 
isomorphism of the two DG-algcbras [R ® A,d + rf) and (i? A, d + /i), i.e., e'^ * rj = /i 
and 77, fi arc gauge equivalent. The last step of the proof is exactly Lemma 4.4. □ 

As regard the second DGLA, consider the DG-algebra 

S = P[zi, ...,Zp,yi,.. .,yp], 

where deg Zi — 0, degyi — —1 and d{yi) ~ fi — Zi. Notice that the map 

(5.1) S^P, y^^O, z^^f, 

is a surjective quasi-isomorphism of DG-algcbras. 

Let / C 5 be the ideal generated by zi, . . . , Zp, i.e., the kernel of the projection map 
n: S ^ R. Then, consider the DGLA H={t] G Derp(S', S") | 77(1) C /} and the surjective 
morphism of DGLAs 

H ^Bcv*p{R,R), ^V)iy^)^7Tiviy^))■ 

Lemma 5.2. Let i7 — > Dcrp(S', S") be the inclusion. Then, the horizontal maps 

H ^ Dcrp(P, R) 

X 

BeT*p{S, S) ^0 

induce a quasi-isomorphism of homotopy fibers. 

Proof. The horizontal maps are surjective and then it is sufficient to prove that 

Der^(S', S) = Yioni*s{Vls/p, S), ker $ ^ Dcr*p{S, I) = Rom*s{ns/p, I) 

are acyclic; both equalities follow from the fact that the iS-module i^s/p is semifree and 
acyclic. □ 
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5.2. Global case. The section / e T{U, £) gives a Koszul-Tate resolution of the structure 
sheaf of Z: 

p p-l 2 

0^/\5^^/\£^^ > -^S"" ^Ou^Oz^O 

and, therefore, a quasi-isomorphism of sheaves of DG-algebras over Ojj 

where the differential on TZ is given by extending /* : — >■ Ou via Leibniz rule. 

Let Vctq^ [TZ, TV) be the DG-sheaf of Ocz-linear derivations of TZ, it is a sheaf of DGLAs 
and consider an affinc open covering U ~ {Ui}, which is trivializing for the sheaf £. 

Theorem 5.3. In the above set-up, assume thatlA is an ajjine open cover of X which is 
trivializing for the locally free sheaf £, then the infinitesimal embedded deformations of Z 
in X are controlled by the differential graded Lie algebra TW{U,T>erQ^^{TZ,TZ)). 

Proof. By the computations in the local case, for every i the DGLA r{Ui,T>erQ^{TZ,TZ)) 
controls the embedded deformations oi Z CiUi inside Ui . A global embedded deformation 
oi Z h\ X is simply given by a sequence of embedded deformations oi Z r\Ui inside Ui, 
with isomorphic restrictions on double intersections Uij. Therefore, to conclude the proof, 
it is enough to apply Theorem 4.6 and Example 4.5. □ 

In order to globalize the second local construction, let us consider the graded locally 
free Otz-module £"^[1] ® 5^. On the graded symmetric Oy-algebra Symo^(f ^[1] © £"^), 
we consider the unique differential induced by the map of degree +1 

(5.2) £''[l]®£"' ^Sym*o^X£'^[l]®£"'), £"" [I] 3 x ^ f* {x) - x e Ou ® £"" . 

Let M ^ 2?er^^^(Sym^^(£:^[l] ©f^), Sym^„(£:^[l] ef^)) and M^ClM the subsheaf 
of derivations preserving the ideal generated by £'^ . Then, the homotopy fiber of the 
inclusion M.^ — is quasi-isomorphic to Ver'^^^ {TZ, TZ) and we have the following result. 

Theorem 5.4. In the above set-up, assume thatlA is an affine open cover of U , then the 
infinitesimal embedded deformations of Z in X are controlled by the homotopy fiber of the 
inclusion of DGLAs 

TW(U, Mi_) TW{U, M). 

Proof. This is the global version of Lemma 5.2, as Theorem 5.3 is the global version of 
Lemma 5.1. □ 



5.3. Relation with DG-schemes. According to [CKOl], a DG-scheme is a pair (T, TZt), 
where T is an ordinary scheme and TZt is a sheaf of (Z<o-graded) commutative DG- 
algebras on T , such that TZ^ = Ot and each TZ^j, is quasi-coherent over Ot- A morphism 
of DG-schemes is just a morphism of DG-ringcd spaces. 

A closed embedding of DG-schemes is a morphism /: {Y,TZy) (T,TZt) such that 
f : Y — > T is a closed embedding of schemes and the induced map TZt f*R^Y is 
surjective. 

Any ordinary scheme can be be considered as a DG-scheme with trivial grading and dif- 
ferential; any ordinary closed subscheme of T can be considered as a closed DG-subscheme 
oi{T,TZT). 

For any DG-scheme {T,TZt), its differential 6: TUp TZi^^ is OT-hnear and hence 
TV {TZt) are quasi-coherent sheaves on T. We define the degree truncation tto(T,TZt) as 
the ordinary closed subscheme of T defined by the ideal 6{Ti^ ), and then with structure 
sheaf H°{TiT). 
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A quasi- isomorphism of DG-schemes is a morphisni /: {Y,TZy) {T,TZt) such that 
the induced map tto(Y,TZy) t^o{T^TZt) is a isomorphism of schemes and 'H*{TZt) 
/*'H*(7?.y) is an isomorphism of graded sheaves. 

It is useful to see the constructions of Subsection 5.2 in the framework of DG-schemes; 
more precisely, we will describe two DG-schemes which are quasi-isomorphic to Z and U, 
respectively. 

The first DG-scheme is just the pair {U,Tl), defined in the previous subsection; in this 
case, we have tto{U,TZ) ~ Z and the closed embedding {Z,Oz) {U,Tl) is a quasi- 
isomorphism of DG-schemes. 

The other DG-scheme is {E,S), where tt: E ^ U is the total space of the vector 
bundle associated with £ (i.e., E = Spec(SymQ^ (f ^)) and S = SymQ^(7r*f ^[1]), with 
the differential on S induced by the morphism as in Equation (5.2). Notice that 7t^,S = 
SymQ|^(f ^[1] © f ^) and, by (5.1), the section f : U ^ E gives a closed embedding and a 
quasi-isomorphism {U,Ou) — > {E,S), while the zero section 0: U ^ E induces a closed 
embedding {U,n) iE,S). 

Therefore, we have the following commutative diagram of closed embeddings of DG- 
schemes 

{z,Oz)^^{u,n) 

[U,Ou)^^{E,S) 
Notice that we have the following natural isomorphisms of DG-sheaves 

where I is the ideal sheaf of the closed embedding {U,TZ) — > {E,S). 

6. Loc MORPHISMS AND OBSTRUCTIONS 

We briefly recall the notion of Loo-algebras and Loo morphisms. For a more detailed 
description of such structures we refer to [SS79, LS93, LM95, Ma02, Fu03, Kon03, Get04, 
Ma04a, FiMa07] and [Ma04b, Chapter IX]. 

Definition 6.1. An L^o structure on a graded vector space is a sequence {qk}k>i of 
linear maps qk G Homj^ (0'^(^[l])i ^[1]) such that the codcrivation 

Q--0\v[i])^Q\v[i]), 

defined as 

n 

Q(i;i O • • • -y„) = ^ ^ e(CT)(7fc(w^(i) • • • i;<^(fe)) -^^(fc+i) ■ • • w<T(n), 

fc=l aeS{k,n-k) 

satisfies QQ = 0, i.e., if Q is a codifferential on the reduced symmetric graded coalgebra; 
here e{a) denotes the Koszul sign and S{k, n — k) is the set of unshuffles of type (fc, n — k), 
i.e., the set of permutations a such that a{l) < a{2) < ■ ■ ■ < a{k) and a{k + 1) < 
a{k + 2) < ■ ■ ■ < a{n). 

An Loo-algebra (V, qi, (72, 93, . • •) is the data of a graded vector space V and an Loo 
structure {qi} on it. 

Notice that if {V, qi,q2, 93, . . .) is an Loo-algebra, then qiqi — and therefore (^[1], qi) 
is a DG- vector space. 
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Example 6.2 (Quillen construction, [Qui69]). Let {L,d, [, ]) be a differential graded Lie 
algebra and define: 

qi = -d:L[l]^L[l], 
q2 e HomJ, {Q\l[1]), L[l]), q.2{v Q w) = (-!)>, w], 

and (7fc = for every A: > 3. Then, (L, gi, (72, 0, . . .) is an ioo-algcbra. Explicitly, in this 
case, the differential Q is given by 

(3(ui0- ••©«„) = ^ e(cr)rf(w<T(i))0---0u<^(„)+ ^ e(CT)g2(Wff(i)0w<T(2))0'frT(3)0- • ■© 

creS(l,n-l) (TGS(2,n-2) 

There exist two equally important notions of morphisms of Loo structures: the linear 
morphisms (graphically denoted with a solid arrow) and the Ltxj morphisms (denoted with 
a dashed arrow). 

A linear morphism f : {V, gi, q2, ...)—)► (W,pi,p2, . . •) of Loo-algebras is a morphism of 
graded vector spaces /: V[l] — )■ W[l] such that f o q-n — Pn° (0"/), for every n > 0. 

An Loo morphism foo- (^, 91, 92, • • •) (W^,?'i,P2, ■ • ■) of Loo-algebras is the data of 
a sequence of morphisms 

/„eHom°(0"(^[l]),W^[l]), n>l, 
such that the unique morphism of graded coalgebras 

F:'Q{V[1])^'QW[1] 

lifting X^n /" ■ O (^[1]) ~^ commutes with the codifferentials. This condition 

implies that the linear part fi : V[l] of an Loo morphism foe '■ (V, qi, q2, ■ ■ .) 

{W,pi,p2, ■ ■ ■) satisfies the condition fi o qi = pi o /i, and therefore /i : (F[l],(7i) 
{W[l],pi) is a morphism of DG-vector spaces. 

Remark 6.3. Every linear morphism of Loo-algebras is also an Loo morphism, conversely 
an Loo morphism /oo = {fn} is linear if and only if /„ = 0, for every n > 2. An Loo 
morphism between two DGLAs is linear if and only if it is a morphism of differential 
graded Lie algebras. 

Lemma 6.4. Let L and M be differential graded Lie algebras, foo ■ L AI an Loo mor- 
phism between L and M and A a commutative DG-algebra. Then, foo induces canonically 
an Loo morphism 

{fA)oo - L®A-*M®A. 
Proof. By definition, foo '■ L ---> M corresponds to a sequence {/„}„ of degree zero linear 
maps, with /„ : 0"(L[1]) — M[l]. Then, for any associative graded commutative algebra 
A, define the natural extensions 

{fA),,:0\{L®Am)^{M®A)[l] 

as the composition 

Qf{{L ® A)[l])^Qf {L[l]) ® A M[l] ®Ac^{M® A)[l], 

where /i is induced by multiplication on A and by the Koszul rule of signs. The proof that 
this induces an Loo morphism is completely straightforward. □ 

Proposition 6.5. Let T) be a small category, DGLA the category of differential graded 
Lie algebras and H,G: D — > DGLA two functors; denote by lim(i7) and lim(G) their 
limits. Then, every Loo natural transformation H G induces an Loo morphism 

foo-. lim(i/) -^lim(G). 
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Proof. An L^o natural transformation is just a sequence 

{fd)oo-- H{d) -~^Gid), deD, 
oi Loo morphisms, such that for every morphism 7 : d — >■ d' in D the diagram 

H{d) G(d) 



G(7) 



H{d') --'^Gid') 

is commutative in the category of Loo-algebras. Then, the conclusion follows immediately 
from the fact that the Quillen's construction, considered as a functor from the category 
of DGLAs to the category of locally nilpotent differential graded coalgebras, commutes 
with limits. Notice that the forgetful functor from coalgebras to vector spaces does not 
commute with limits. □ 

Corollary 6.6. Let and f)"^ be two semicosimplicial DGLAs. Then every semicosim- 
plicial Loo morphism f)"^ induces an Loo morphism 

Proof. By definition, a semicosimplicial L^o morphism is a sequence of L^o morphisms 
{{fd)oo '■ Qd --^ d>Q, commuting with coface maps. By definition, we have 

TW{q^) = {{xn) e n^^^i)" ® 0" I ('^'^ ® = (^"^ ® dk)xn-i Vn, k}. 

n 

Then, applying Lemma 6.4, every (/n)oo induces Loo morphisms {ApL)m ® Qn 
(ApL)m <8) f)n. Finally, it is enough to apply the previous Proposition 6.5 interpreting TW 
as an end, and then as a limit. □ 

Example 6.7. Let x'- L ^ M and rj: L' ^ M' be morphisms of differential graded Lie 
algebras. Then, every commutative diagram 

L -U L' 

M --^ M' 

with / and /' Loo morphisms, induces an Loo morphism TW{x) TW{ri). 

Remark 6.8. Via the standard decalage isomorphisms 0"(^^[1]) — (A" ^)["-]: every Loo 
morphism foo ■ V W, associated with a sequence of maps /„ : ©"(V'il]) — > can 
be described by a sequence of linear maps 

n 

gn- f\V ^ W, n> 1, deg(5r„) = 1 - n. 

Every I/oo-morphism foo'- L --^ M of DGLAs induces morphisms of the associated 
Maurer-Cartan and deformation functors 

foo ■■ MCl ^ MCa/, foo ■■ Dcfi ^ DefM • 

Moreover, the linear part /i : L[l\ — ;> M[l\ induces a morphism in cohomology, which is 
compatible with the obstruction maps of Def^ and Dcf^y/ in the following sense: given a 
DGLA i, a small extension in the category Art 

e: O^K^B->A-^0, A, Be Art, 

and an element x £ MCl(^) we can take a lifting a; G ® ms and consider the element 
h = dx + [x,x]/2 G ® K = L^. It is very easy to show that dh — and that the 
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cohomology class [h] G H^{L) does not depend on the choice of the hftmg; therefore, 
it gives the obstruction map ohe'- MCl(A) — > H^{L). It is not difhcult to prove (see 
e.g. [FaMa98, Ma09]) that the obstruction map is gauge invariant, thus giving a map 
obe : DefL(A) — > H^{L) such that an element x G DefL(A) lifts to DefL(S) if and only if 
obe{x) = 0. The obstructions of the functor DefL are the elements of H^{L) lying in the 
image of some obstruction map; for instance, if L is abelian then every obstruction is equal 
to 0. The obstruction maps commute with morphisms of DGLAs and quasi- isomorphic 
DGLAs have isomorphic associated deformation functors and the same obstructions. This 
implies that the set of obstructions is a homotopical invariant of the DGLA. 

Given an Loo morphism L ---> M of DGLAs, the map H^{L) — !> H^{M), induced by its 
linear part, commutes with the induced morphism Dcf^ — > Dc^J^J and obstruction maps 
[Ma02]. In particular, if M is homotopy abelian, then the obstructions of the functor Dcf^ 
are contained in the kernel of the induced map H^{L) —5- H^{M). 

The obstruction maps exist for every functor of Artin rings F : Art — !■ Set describing 
infinitesimal deformation of algebro-geometric structures and one of the main results of 
[FaMa98] is the proof that obstruction maps exist for every F as above satisfying some 
mild Schlessinger type conditions. 

Example 6.9. Let X'- L — Af be a morphism of DGLAs, then the obstructions of 
the functor DefT^vKCx) • ^ ^''^ contained in H'^{TW{x))- If X is injective, then 
H'^{TW{x)) = i?^(coker(x)) (see Remark 2.2). Moreover, if X is also injective in cohomol- 
ogy then TW{x) is homotopy abelian (Lemma 2.1) and then T)eirpw{x) ^'"^ O'^ly trivial 
obstructions. 

Example 6.10. Let X be a smooth algebraic variety, over an algebraically closed field 
K of characteristic 0, and Z C X a locally complete intersection closed subvariety. Let 
Hilb^lx : Art — > Set the deformation functor of infinitesimal embedded deformations 
of Z in X. Then, it is well known that the obstructions arc naturally contained in the 
cohomology vector space H^{Z, Nz\x) of the normal sheaf of Z in X, see e.g [Sc06, Prop. 
3.2.6]. This is also recovered in this paper as a consequence of Theorem 5.3. 



Next, let us recall the notion of Cartan homotopy [FiMa07, FiMa09]. 

Definition 7.1. Let L and M be two differential graded Lie algebras. A linear map of 
degree —1 

i: M 

is called a Cartan homotopy if, for every a,b € L, we have 



Lemma 7.2. Let i: L ^ AI be a Cartan homotopy and consider the degree map 



7. Cartan homotopies and Loo morphisms 



ia,ib] = 0, 



I: L^ M, 



la = duia + id_ 



Then: 
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Proof. The proof of the first two items is straightforward. For every a, b and c, we have 

= *[[a,6],c] - i-^)'"'i[[a,c]M] + (- 1)"'''''''''' i[[h,c] ,a] = 0, 

where the last equality follows from the graded Jacobi identity in L: 
(7.1) [[a, b],c] - {-lf~n[a, c],b] + (-lf(^+^) [[6, c],a]^ 0. 

Notice that the above form of Jacobi identity can be written as 

X! x(cr)[[a<T(i),a,T(2)],aCT(3)] = 0, 

(tGS(2,1) 

where xi'^) is the product of the signature and the Koszul sign of the unshufhe a. 

□ 

Lemma 7.3. Let = (L,dL, [, ]) and ~ {M,dM, [,]) be DGLAs. Consider the linear mor- 
phisms 

2 

fi: M and f2 : /\L ^ M, 

where fi has degree zero and ji has degree —1 (see Remark 6.8). Then, the sequence 
{/ij /2, 0, 0, • • ■ } is an L^o morphism of DGLAs if and only if the following equations are 
satisfied for every a,b,c,d£ L. 

(1) fi o d^ ^ dfii o fi (i.e., fi is a morphism of complexes); 

(2) [/i(a),/i(&)] = /i([a,&]) - dM o /2(a,6) - f2{dLa,b) + {-lf'^f2{dLb,a); 

(3) /2([a,&],c) - i-ir^f2{[a,c],b) + (-If (''+^)/2([6, c], a) = 

= (-ir[/i(a),/2(6,c)] - [/2(a,&),/i(c)] + (-l)''^[/2(a,c),/i(6)]; 

(4) [/2(a,6),/2(c,d)] + (-l)("+i)(''+i)[/2(a,c),/2(6,d)] -0. 

Proof. It follows from the explicit formula of Loo morphism of DGLAs, given for instance 
in [Ke05, LM95]. 

□ 

Theorem 7.4. Let L,M be DGLAs and i: L ^ AI be a Cartan homotopy. Then, the 
sequence of linear maps 

gi e Rom" {L,M[t,dt]), gi{a) = tla + dtia, 

2 

32 e Rom-\/\ L,M[t,dt]), .92(0, = <(1 - O^M], 
g„ = Vn > 3, 
defines an L^o morphism L M[t,dt\ (see Remark 6.8). 

Proof. We need to check the four conditions of Lemma 7.3. As regards (1), since Z is a 
morphism of DGLAs and di + id ~ I we have 

dMigi{a)) = dtla+td{la) -dtd{ia) = dtla+tlda-dt{la~ida) = tlda+dtida = 5l(rfL(a))- 

As regards (2), we have 

gi([a, 6]) - dM o g2{a,b) - g2{dLa,b) + {-lY'' g2{dLb,a) = 

tl[a,b\ + dti[aM] - dM{t{l - t)i[a.b\) - t{l - i)i[da,fc] + (-1)''''<(1 - t)i[db,a\ = 
t'llaM + 2tdii[,,fa] - t:'[laM + tdt{{~lf[la, ib] + [ia, h]) 
= [51(a), 51 (^)] 
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since we have 

-dM(t(l - t)i[a,b]) = -((1 - 2t)dti[a,h] + til - i)d(i[a,6])) = 
{2t - + t{t - l)il[a,b] + i[da.b] - (-If ^i[d6,a]). 

As regards Condition (3), wc have that 

g2{[a,b],c) - i^lf-g2{[a,c],b) + {-lf^~'+-^g2i[b,cla) = 

(1 - m^[aM,c] - i~i)%ia.c]M + (-lf<'+^^i[[fcx],a]) = 

by Equation (7.1) of Lemma 7.2; moreover, 

(-l)°[5i(a),g2(&,c)] - [g2(a,&),gi(c)] + (-lf^[.92(a, c), gi(&)] 

= ^2(1 _ t){{-ir[la,ilb.c]] - [ilaM^lc] + {-lf%a,c],lb]) = 

by Lemma 7.2. FinaUy, condition (4) follows from the fact that [ix,iy] = 0, for every 
choice oi x,y G L. □ 

Corollary 7.5. In the same assumption of Theorem 7.4, let N C M be a differential 
graded Lie subalgebra such that 1{L) C N and 

TWix) = {{x, y{t)) eNx M[t, dt] \ y(0) = 0, y(l) = x} 

the homotopy fiber of the inclusion x'- N M. Then, the maps 

gi e Hom"(L,TM^(x)), gi{a) = {h^tla + dtia), 

g2 e Rom-\/\h,TW{x)), ,92(0,6) = (0, (1 - i)t^[a,fa]), 
gn = Vn > 3, 
define an Loo morphism L TW{x)- 

Proof. Since TW{x) C N x M[t,dt], we need to check the 4 conditions of Lemma 7.3 on 
both components. As regard the first component, Conditions (1) and (2) follows from the 
fact that Z is a morphism of DGLAs (and so it commutes with differentials and brackets) . 
Conditions (3) and (4) are trivial, since (72 1 a? = 0. As regard the second components, it is 
due to the previous theorem. 

□ 

The following definition is the natural modification of the definition of Tamarkin- 
Tsygan calculus [TT05], whenever the Gerstenhaber algebra is replaced by a DGLA. 

Definition 7.6. Let L be a differential graded Lie algebra and V a differential graded 
vector space. A bilinear map 

LxV — - — > V 

of degree —1 is called a calculus if the induced map 

i: L ^}iom'^{V,V), ii{v)^ljv, 

is a Cartan homotopy. 

The notion of calculus is stable under scalar extensions, more precisely, we have the 
following result. 

Lemma 7.7. Let V be a differential graded vector space and 

LxV — - — > V 

a calculus. Then, for every differential graded commutative algebra A, the natural extension 

{L(^A)x {V(^A) — - — > {V(g,A) {l(E)a)j{v(g)b) = (-1)" "/jw a6, 
is a calculus. 
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Proof. Straightforward, see [IMIO, Lemma 4.7]. □ 

The notions of Cartan homotopy and calculus extend naturally to the semicosimplicial 
objects and sheaves. Here, we consider only the case of calculus. 

Definition 7.8. Let be a semicosimplicial DGLA and a semicosimplicial differ- 
ential graded vector space. A semicosimplicial Lie-calculus 

gA X ^ yA^ 

is a sequence of calculi g„ x Vn Vn, n > 0, commuting with coface maps, i.e., 9fc(Z ju) = 
dk{l)^dk{v), for every k. 

Lemma 7.9. Every semicosimplicial calculus 

gA X yA ^ yA 

extends naturally to a calculus 

TWiQ^) X TW(y^) ^ TW{V^). 
Proof. Straightforward, see [IMIO, Proposition 4.9]. □ 



8. Calculus on de Rham complex of a DG-scheme 

Let S* be a DG-algebra and d: 5 — > Og/jj its universal derivation. Denote by $7^ = S, 
nil = r^s/K [-1] and 

fj| = Sym| n];. 

The S*- module ilg is generated by the elements da, a € S and dcg{da) — deg(a) -f 1. In 
the algebra fig = fig we have 

daAdb^ A da. 

The K -linear map of degree +1 d: 5 — > fig extends to a unique differential (de Rham) 
of the graded commutative algebra fij, i.e., d: fig — fl*g. Notice that d £ Derjj {fl*g, ^^5), 
^2 = and dn'g C nf^. 

Next, assume that a £ Dcr^ {S, S) is a K -linear derivation. Then a induces a morphism 

ia e Romlr\nl, S) = Hom|(17s/K , S) 

such that ia{da) = a{a), for every a £ S. By Leibniz rule, ia extends to a S'-derivation of 
the graded symmetric algebra n*g, i.e., 

iaeBcT'f\n*g,ni.). 

We shall call ia ■ fl*s f^s the interior product by a. Notice that ia{flg) C f^^"^- Define 
the Lie derivation 

La -.^ [ia,d] e I)cr^{n g,fl*g). 

Since La is , (i]-cxact it is also [— , (i]-closcd, i.e., [La, cZ] = 0; if a G = fi^ wc have 

La{a) = ia{da) = a{a), La{da) = {-!)'' d{Laia)) {-!)'' d{a{a)). 

Equivalently, La is the unique derivation extending a: fl'g fl'g, such that deg(LQ) = 
deg(a) and [d,La] = 0. Notice that La{flg) C fig. 

If 5 e Derjlj {S, S) is a differential, then also Lg: fl*g —5- fig is a differential: in fact, for 
every a G S 

Lj{a) = 5^{a) = 0, Lj{da) = Ls{-d6{a)) = dS^{a) = 0. 
In such case, {fl*g, d, Lg) is a double complex and {d + LsY ~ 0. 

We conclude the section, describing some properties of ia and La, for a £ Der^ [S, S). 
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Lemma 8.1. Given a,f5E Dcr^ {S, S), we have the equalities: 

(1) =0; 

(2) Lp^[ip,d] = {-lf[d,ip]; 

(3) i[a,0] = [La^ip] = [[ia,d],ip]; 

(4) [La,d] = 0, i[Q,;3] = [La^L/}]; 

(5) [Ls, ip] + iis,i3] = 0, for every 6 G Derj^ {S, S); 

(6) iia.p] = [[ia,d + Ls],if)] [ia, [[d + Ls],ip]], for every S G Dcrj^ (S", 5"). 

Proof. Since iaip{da) = 0, for every a, /3, we have [ia,if3] = 0. 
Next, as regard (3), we have 

i[o,Mda) = [a,l3]a = a(/3(a)) - (-if '^/3(a(a)) = [L^,Lp]a 

and 

[La,ii3]{da) = LQi/3(da)-(-l)^'^"^^"i/3iQ(da) = LQL^(a)-(-l)'' °'ipd{Laa) = [La,Lp\a. 
As regard (4), we have 

L[a,l3] = [i[a,l3],d] = [[LQ,i/j],d] = [La, [i/3,(i]] = [La,Lfi\. 

As regard (5), for every 5 G Derj^ (S*, S*), we have 
The last one foUows from 

□ 

Proposition 8.2. Let S be a DG-algebra and S G Derjjj (S, S) a differential. Then, the 
map 

i : (Der^ (5, S), [6, -]) ^ (Der^ {n*s,n}), [d + Ls,-]), 
is a Cartan homotopy with [d + Ls,ia\ + i[s,a] — (~l)"-^a- 
Proof. By Lemma 8.1, we have 

[d + Ls, ia] + i[s,a] = [d, ia] = {-ly'La 

and then 

i[a,/3] = [ia, [d,ip]] = [ia, [d + Ls,ip] + i[S,l3]] = [ia, [d + Ls,i/3]]. 

□ 

Assume that S = ® j<o 5' and let T C 5° be a multiplicative subset. Then, for any 
S-DG-module M, every K -derivation S ^ M extends in a unique way to a derivation 
T-^S ^ M; therefore, f^T-is/K = T^^^s/^, 

It is easy to verify that the two natural maps 

Derj^ {S, S) ^ Der^ [T'^S, T~'S), DerJ (f^ J, ^ DerJ {nX,_,„ l^;,^,^), 

commute with the de Rham differential, interior products. Lie derivative and Cartan 
formulas, giving therefore a canonical morphism of calculi 

Der^ [S, S) x 



Der^ [T^^S, P-^S) x VlX^^^g ^ VlX^^^, 
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This implies that, for every DG-scheme {E,Se) over the field K, the interior product 
induces a morphism of sheaves 

which is still a calculus, where ff^^ is the exterior algebra of the quasi-coherent sheaf of 
differentials on E. 



9. Local cohomology of DG-sheaves 

The theory of local cohomology extends naturally to DG-sheaves over DG-schemes. In 
order to fix the notation and prove some homotopy invariant properties, we briefly recall 
its construction in the quasi-coherent case, using the approach of Cech complex [BS98]. 

Let A = ® j A* be a fixed DG-ring. Given an element a G and an A-module 

M — (BiM'\ we will denote Mj, = ®iMl the localization of AI by the multiplicative subset 
of powers of a. 

Since the localization is an exact functor on the category of Z°(^)-modules, we have 
H'{Ma) = H\M)a, for every i e Z. 

Let a = (ai, . . . , a„) be a sequence of elements of Z^{A)] for every A- module M and 
every subset H = {hi < h2 < ■ ■ ■ < hj} C {1, . . . , n}, denote by 

00 = 1, an = ■ ■ ■ ■ 

Notice that aH\jK\o,HO'K\ciHvjKi ^O'' every H,K C therefore, {Ma„)aK = 

MauuK s-iid li H C K there exists a natural localization map Ma^ — ?> ■ 

Definition 9.1. hi the above situation, denote by C*(ai, . . . , a„; M) the complex of A- 
modulcs 

(9.1) ^ C°(ai, . . . ,a„; M)^C\ai, . . . ,a„; M)^ > ^"(ai, . . . ,a„; M) ^ 0, 

where 

C°(ai,...,a„;M) = M, ^'(ai, . . . , a„; Af) = J| M^^ 

ffC{l,...,n},|ff|=i 

and 

i 

is the Cech differential. 
Definition 9.2. Wc will denote by 

iJ:(M) = ff*(ai,...,a„;Af) 

the i-th cohomology group of the complex C'*(ai, . . . , a„; Af ): notice that W{ai, . . . , a„; Af) 
is an A-module. 

Remark 9.3. Let A = 0^ A^ be a fixed DG-ring and consider the scheme Spec{Z^{A)). 
For every Z°(A)-module F, we can consider the associated quasi-coherent sheaf F on 
Spec{Z^{A)). Then, the complex C*{ai, . . . ,a„;F) computes the local cohomology of F 
with support on the ideal generated by ai , . . . , a„ . 
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Every permutation a of {1, . . . ,n} induces a natural isomorphism (see e.g. [BS98]) 

a: C*{ai,...,an;M) C*(a^(i), . . . , acr(„); Af). 

For later use, we point out that, via the natural isomorphism Ma-^...a„ = Ma^^-^ya^^^^ , the 
map 

a: C'"(ai,...,a„;A/) C'"(a^(i), . . . , a<,(„); M) 
is simply given by multiplication by the signature of a. 
Moreover, 

C\ai,...,an;M) = ^'(ai, . . . , a„; A) ®a M ^ ^'(ai, . . . , a„; Z°(A)) ^zo{A) M . 

Given any b G Z^{A) and any integer i, we have a natural projection morphism of 
A- modules 

(7'(ai, . . . , a„, 6; M) ^ C'(ai, . . . , a„; M) ^ . 

The same argument used in [BS98, p. 86] shows that, if 6 G y/(ai, . . . , a„) C Z'^{A), then 
the projection map C'*(ai, . . . , a„, &; M) — > C'*(ai, . . . , a„; Af) is a quasi- isomorphism in 
the category of complexes of ^-modules. 

Theorem 9.4. The isomorphism class of the cohomology modules 

H\ai,...,an;M) 
depends only on the ideal (ai, . . . , a„) C Z'^ [A) . More precisely, if 

) = v/(6i,...,6m) C Z\A), 
them there exists a canonical isomorphism 

H\ai, . . . , a„; M) ^ H\bi, M). 

Proof. We have 

h L ji r\ permutation ^ , > 

C (ai,...,a„,&i,...,6„i;A'/) C (Oi, . . . , 6^, ai, . . . , a„; A/) 



C'*(ai,...,a„;A^) C'*(&i, A^) 

where the vertical maps are the surjective quasi-isomorphisms induced by projections. □ 

The complex of A- modules C*{ai,. . . , a„; Af) can be clearly interpreted as a double 
complex of Z°(A)-modules. We wih denote by ]HI*(Af) = ]HI*(ai, . . . , a„; Af) the cohomol- 
ogy of the associated total complex tot(C'*(ai, . . . , a„; Af)). 

Thus, we have 

tot(C'*(ai, . . . , a„; Af)) = tot(C* (fli, . . . , a„; A))^aM = tot((7*(ai, . . . , a„; Z {A)))®z°{A)M 

and, since (7* (ai , . . . , a„ ; Af ) is a complex of finite length, we have two convergent spectral 
sequences: the former is 

El'' = H'{W{ai, . . . , a„; Af)) W+'{ai, . . . , a„; Af ), 

and, since the localization is an exact functor, the latter is 

El-' = W{a,, . . . , a„; ff^(Af )) ^ W+'{a,, . . . , a„; Af ). 

Lemma 9.5. Assume that Z'^{A) is a Noetherian ring; i/fli, . . . , a„ is a regular sequence 
in Z'^{A) and Af is a complex of free Z'^ (A) -modules, then 

W{ai, . . . , a„; Af ) = ff '-"(ff" (ai, . . . , a„; Af )), 

for every i £ Z. 
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Proof. As observed in Remark 9.3, for every Z°(A)-niodule F, the complex C*{ai, . . . , a„; F) 
computes the local cohomology with support on the ideal generated by oi, . . . , a„ of the 
quasi-coherent sheaf F on S'pec(Z°(j4)); therefore, 77'(ai, . . . , a„; Z°(j4)) ~ for every 
i n [Gr67, Thm. 3.8]. If F is free then also 77'(ai, . . . , a„; F) ~ Q for every i n, since 
it is a direct sum of copies of i?*(ai, . . . , a„; □ 

Next, let us consider the functorial properties of local cohomology. 
First, if / : M ^ N a. morphism of A-modules, then / induces a morphism of complexes 
of A-modules 

/h.: C'*(ai,...,a„;Af) ^ C'*(ai, . . . , a„; iV) 
and, therefore, morphisms 

H\ai,...,an;M) ^ H\ai,...,a„-N), : ff (ai, . . . , a„; M) ^ M''(ai, . . . , a„; iV). 

Lemma 9.6. In the notation above, if f: M ^ N is a quasi-isomorphism, then 

fi- ff(ai,...,a„;M) ^ff'(ai,...,a„;iV) 
is an isomorphism for every i. 

Proof. Immediate consequence of the spectral sequence 

i/^(ai, . . . , a„; W{M)) ^ ff+^(ai, . . . , a„; M). 

□ 

Let g: A ^ B he a. morphism of DG-rings, then for every A- Module M, setting TV = 
M®aB, we have natural maps M ^ N, Man ^®ABg(^aH)^ therefore, a morphism 
of complexes 

g^: C*{ai,...,an]M) ^C*{g{ai),...,g{a„);M 0^ B) 
inducing morphisms of A-modules 

g,: iJ'(ai,...,a„;A/) ^ W{g{ai), . . . , g{an); M (g)A B). 

Lemma 9.7. If g: A ^ B is a quasi-isomorphism of DG-rings and M is a semifree 
A-module, then 

g,:W{ai, . . . ,a^;M) ^W{g{ai), . . . ,g{an)]M ®a B). 
is an isomorphism for every i. 

Proof. For every a £ Z'^{A), we have a quasi-isomorphism g: Aa — > Bg^a)] then, since M 
is semifree, we also have a quasi-isomorphism 

Ma = Aa ®A M Bg^a) ®A M. 

By Lemma 9.6, this induce quasi-isomorphisms 

C'*(ai,...,a„;Af) ^ C\g{ai), . . . ,g{an)]M ®a B), 
tot(C7*(ai, . . . , a„; M)) ^ tot(C*(5(ai), . . . ,.g(a„); M ®^ B)). 

□ 

Remark 9.8. The calculus Der^{A, A) x 57^ — > induced by the interior product and 
the de Rham differential commutes with local cohomology construction. In fact, since it 
commutes with localizations, we have for every ai, . . . , a„ 6 Z'^{A) a sequence of calculi 

Derj^ {A, A) x C^(ai, . . . , a„, il*^) -> (ai, . . . , a„, il*^), j = 0,...,n, 

commuting with Cech differentials and so inducing a sequence of calculi 

Der;^(A,A) x iJ^(ai, . . . , a„; 17^) ^ iJ^ (ai, . . . , a„; 17^), j = 0,...,n. 
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Remark 9.9. Since the construction of i7*(ai, . . . , a„; i\jf) commutes with locahzation, we 
have 

H\ai, . . . ,a„; Kh) = H\ai, . . . ,a„; M)^, V h e 
and therefore, if F is any quasi-coherent sheaf on a DG-scheme (T, ^) , and F C T is any 
closed subscheme of T, we have the local cohomology sheaves 7^y(T, J^) defined locally 
as H^{ai, . . . , a„, J-"), where oi, . . . , a„ is a set of generators of the ideal sheaf of Y in T. 
This applies in particular for the quasi-coherent DG-sheaves 

10. The derived cycle class of Z 

Let us go back to the situation described in the introduction, i.e., Z <Z X local complete 
intersection of codimension p, defined as the zero locus of a section / of a vector bundle 
tt: E U oi rank p. As in [B172], we have the local cohomology sheaves H^^{X, and 
a canonical cycle class 

{Z} e n^ix, 17^+1) -,■■■), 

where H^l^i^jf) is a DG-sheaf concentrated in degree p + j. Recall that, since Z is a 
locally complete intersection and fi'^ is locally free, then Wz{X, fi^) = for every i ^ p. 
The image of {Z} under the injective map 

is the global section {Z}' G T{X, = T{U, ^^(f^f/)) given in local coordinates by 

Jl ■ ■ ■ Jp 

where /i , . . . , /p are the components of / with respect to a local trivialization of the bundle 
E. By local duality, the section {Z}' is non trivial at every point of Z. 

Similarly, working in the DG-scheme {E, 5), if C i? is the image of the zero section 
U ^ E,we have a canonical cycle class {U°}' G T{E, given in local coordinates 

by 

^jjoy _ dzi A-- - A dzp 

Zl • • • Zp 

where set of linear coordinates in the fibers of the bundle E. The same proof 

of the classical case shows that {U'^}' is independent from the choice of the coordinate 
system. 

Since U'^ is smooth of codimension p in £^ and the DG-shcaves fl-^^ are semifree, we 
have HIjo {E, Qg) = for every j and every i ^ p. 

Definition 10.1. In the above notation, for every j > 0, we denote Yi^ = Tr^H^o{E, fi^). 

Every JC^ is a quasi-coherent DG-sheaf on U. 

Lemma 10.2. For every j > 0, the section f induces a quasi-isomorphism of DG-sheaves 
on U 

V ^Hl{u,%)^nl{x,n'^), 

with 'HF^[U, fJ^) concentrated in degree p + j ■ 

Proof. The question is local, therefore we may assume U = Spec{P) affinc and E trivial 
on U, i.e., E = Spec{P[zi, . . . , Zp]). Thus 

T{E,S) ^ S ^ P[zi,...,Zp,yi,...,yp] with deg(?/i) = -1 d{yi) ^ fi - z,. 

The map, induced by /: 

S ^ P, yi^Q, z,^ f. 
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is a quasi-isomorphism and then, by Lemma 9.7 we have isomorphisms of P-modules 

mijo {E, n^g) ^ M'ziu, ®5 p), 

that, according to Lemma 9.5 gives a quasi-isomorphism of DG-sheaves 

On the other hand, since U is smooth, by general properties of the cotangent complex, 
the natural map Vl\ ®s P ^ is a quasi-isomorphism, and also a homotopy equivalence 
since 57^ ®s P and fip are semifree. This implies that every morphism il^ ®s P ~^ f^p is 
a homotopy equivalence; then, by Lemma 9.6 we get isomorphisms 

Wz{u, n^g ®s P) Hij([/, vl'p) 

and so a quasi-isomorphism of DG-sheaves 

□ 

It is immediate to observe that the map r([/, /C^) — !■ T{U,7i^{fl^)) sends the cycle 
class {U'^y into the cycle class {Z}'. In particular, {?7°}' gives a non trivial cohomology 
class in M'^p{U, IC^) and, since {W^}' is annihilated by the de Rham differential, it gives 
also a non trivial hypercohomology class 

[{c/°}'] G m^p{u, ic^p) = m^p{u, icp^icp+^^- ■ ■ ). 



11. Proof of the main theorem 

Finally, we are ready for the proof of the main theorem. Recall that K,^ ~ tt^T^^q {E, ^g), 
M = I?erJ,^(SymJ,^(£:^[l] ©£-^),Sym^^^(£:^[l] ©£:^)) and M± C M is the subsheaf of 
derivations preserving the ideal generated by £^ . 

The de Rham differential induces a map d: /C* — >■ /C* of degree -|-1 where /C* = ©i/C' = 
(BiTT^H^oiE, fi^), inducing a structure of double differential graded sheaf on /C*. 

Then, according to Remark 9.8, the internal product induces a calculus 

MxJC* ^ IC*. 

Passing to an affine open cover U, by Lemma 7.9, we get a calculus 
TW(U,M) xTW{U,IC*) ^TW(U,K:*), where TW(U,JC*) = (SjTW{U,JC^). 

For simplicity of notation, we still denote by 7 G TW{U, KP) the image of the canonical 
cycle class {?7°}' under the natural map T{U, KJ) — )■ TWiU, KP) described in Lemma 3.4; 
we win also denote by TW{U,1C^p) = (Bj>pTw[u,lC'). 

Next, consider the following four differential graded Lie algebras 

L = UoTnl{TW{U,lC*),TW{U,lC*)), £(7^) = {/ £ L | f{^) = 0}, 

L = {f^L\ f{TW{U, IC^P)) C TW{U, IC^P)}, L{j^) = L{j^) D L, 
they give a commutative diagram of inclusions 

Note that this diagram induces a morphism of DGLAs TW{jj_) TW{j). 
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The morphism I induced by the Cartan homotopy 

i : TW{U,M) -^L = Hoiiik (rVF(W, /C*), rW^(W, /C*)) 

preserves the subcomplex TW{U,IC^p) = ®j>pTW{U,IC^), i.e., 1{TW{U,M)) C I, and 
then Corollary 7.5 gives a canonical Loo morphism 

aoo:TW{U,M) -^TW{j). 

By Remark 2.2 the cohomology of TW{j) is the same as the cohomology of 

}lom;,iTWill,IC^n,TWiU,)C<n)[~l], where TW (U , JC<n = ^^^^y 

Analogously, since 

i{TW{U,Mi_)) C i(7_L), and l(TW{U,M±)) C I(7±), 
we have a canonical L^a morphism 

aoo--TWiU,Mi_) -^TWij±). 
Therefore, we have a commutative diagram of Loo morphisms 

(11.1) TW{U,Mi_) ^TW{ji_) 



TW{U,M) ---^TW{j) 

The cohomology of TW{j±) is the same as the cohomology of 

{/ G lloml{U,TW{IC^P),TW{U,IC<P))[~l] \ f{j) ^ 0}. 

Since 7 is non trivial in the cohomology of TW{U,IC~p), we have that the inclusion 
p: TW{j±) ^ TW{j) is injective in cohomology (see Example 2.3) and the cohomology 
of its homotopy fiber TW{p) is the same as 

Hom^ (K7, TW{IC<n)[-2] = TW{U, IC<P)[2p - 2], 

where the last equality follows from the fact that 7 has degree 2p. Note that, by Lemma 2.1, 
the homotopy fiber of p: TW{j±) TW{j) is homotopy abelian. We are now ready to 
prove the main result of this paper. 

Theorem 11.1. In the above setup, the composition of the semiregularity map 

H\Z,Nzix)^HP+\X,nP^-') 

with the natural map 

annihilates every obstruction to embedded deformations of Z in X . If the Hodge-de Rham 
spectral sequence of X degenerates at level Ei (e.g. if X is smooth proper [DI87]/. then ir 
also annihilates every obstruction. 

Proof. The Example 6.7 applied to the commutative square (11.1) gives an morphism 
of homotopy fibers 

aoo-.TWix) -*TW{p) 
and therefore a natural transformation of the associated deformation functors 

aoo : DcfTw(x) ^ Def Tw(p) . 
By Theorem 5.4 the functor Dcifwix) isomorphic to the functor Hilb^ix of embedded 
deformations; then, the obstruction map associated with aoo is 

ao.: H\TW{x)) = H\Z,Nz\x) ^ H\TW{p)) = H^^ (TW (U , lC<n) 
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and it sends obstructions to embedded deformations to obstructions of the functor Deij'w{p) ■ 
Since TW{p) is homotopy abelian, the functor Def j'vi'(p) is unobstructed and this proves 
that the above map annihilates every obstruction. 

Next, in view of the surjective quasi-isomorphisms of quasi-coherent sheaves IC^ — ^ 
H^{X,fl-'^), given by Lemma 10.2, the cohomology of TWiUjJC^^) is isomorphic to the 
hypercohomology of the complex 

TWiU, -Hm'x)^ ■ ■ ■ AH^f^r ')) 

and therefore it is also isomorphic to the hypercohomology over U of the complex of 
sheaves 

Since Z is a locally complete intersection, the spectral sequence of local cohomology de- 
generates. Thus, 

w{u, nliu, n^)^ ■ ■ ■ ^nuu, n^x')) - h^(c/, A • ■ • ^n^-') 

and, therefore, the map 

aoo : HHZ, Nzix) ^ H\TW{p)) = UfiU, 17^^ • • • -^n^,-') 

annihilates the obstructions to embedded deformations. By general results about local 
cohomology of finite complexes of sheaves, we have a natural map 

h|'([/, ■ ■ ■ -^^"x^) = Mf{x, n°x^ ■ ■ ■ -^^7') ^ ■ ■ ■ Ariff i). 

In order to conclude the proof, it is now sufficient to prove the commutativity of the 
diagram 

H^{Z, Nz\x) H|P(C/, n^x^--- -^n^x') 



According to the definition of the semiregularity map given in the introduction, it is 
sufficient to prove that we have a commutative diagram 

H\Z, Nzix) ' iU, n'x') 

itf{u,n°x-^^---^np-^). 

Next, the composition of the linear part of the L^o morphism ctoo : TW{x) TW{p) 
with the quasi-isomorphism TW{p) TW {U , lC'^P)[2p — 2] described in Remark 2.2 is 
induced by the internal product with the canonical cycle class {U^Y and the conclusion 
follows from the fact that {C/°}' maps onto {Z}' via the morphism KP H^lU, ^x)- '-' 

Remark 11.2. An essentially equivalent proof, but technically easier, shows that the 
semiregularity map annihilates obstructions to embedded locally trivial deformations of a 
local complete intersection subvariety Z, without the set-up assumption of the introduc- 
tion. To this end it is sufficient to take {E, S) = {X, Ox), M. = &x the tangent sheaf of 
X and M±_ = Qx{— log(Z)) the subsheaf of derivations of Ox preserving the ideal of Z, 
see [lalO]. 
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